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A ⊂ R
n 0 ≤ s < ∞ 0 < δ ≤ ∞

Hs
δ(A) = inf

{ ∞∑
j=1

α(s)

(
diamCj

2

)s ∣∣∣ A ⊂
∞⋃
j=1

Cj , diamCj ≤ δ

}
,

α(s) =
πs/2

Γ( s2 + 1)
.

Γ(s) =
∫∞
0

e−xxs−1dx 0 < s < ∞
Cj j ∈ {1, 2, 3, . . . }

diamCj δ

A α(s)(
diamCj

2 )s s
Cj α(s)

s A

α(s) s = 2

α(2) =
π2/2

Γ( 22 + 1)
=

π

Γ(2)

Γ(2) =

∫ ∞

0

e−xx2−1 dx =

∫ ∞

0

e−xx dx =

=

[
− e−xx

]∞
0

+

∫ ∞

0

e−x dx = 0 +

[
− e−x

]∞
0

= 1

α(2) = π
πr2

α(s)
s

α(0) =
π0

Γ(1)
=

1∫∞
0

e−xdx
= 1

H0

∞

α(1) =

√
π

Γ( 32 )
=

√
π

√
π
2

= 2

α(3) =
π

3
2

Γ( 52 )
=

π
3
2

3
√
π

4

=
4π

3
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α(1) α(3)
d = 2r V = 4π

3 r3

A s s
R

n

Hs(A) = lim
δ→0

Hs
δ(A).

δ
A

s A
H1 H3

Hs

Hs s = 2
A ⊂ R

n

Hs(A) = ∞ Hs(A) = 0
A

A
R

n

Hdim(A) = inf{0 ≤ t < ∞ | Ht(A) = 0} =

= sup{0 ≤ s < ∞ | Hs(A) = ∞}.

inf sup

∫∞
0 (e−x√x)dx

∫∞
0 (e−xx

3
2 )dx
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S

Hs
δ(S) δ =

(
1
2

)n
n

n → ∞

Hs
1
2
(S) = 3α(s)

( 1
2

2

)s

Hs
1
4
(S) = 9α(s)

( 1
4

2

)s

. . .

Hs
1
2n

(S) = 3nα(s)

( 1
2n

2

)s

Hs(S) = lim
n→∞

[
3nα(s)

( 1
2n

2

)s]
= lim

n→∞

[
α(s) · 2−s

(
3

2s

)n]
Hs(S) s α(s) 2−s

s ( 3
2s )

n n → ∞
0 1

1
3
2s = 1

Hdim(S) = log2 3
.
= 1.58496.

1,58496
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A B C V
AP BQ CR ABC

A B C V

ABC V

←→
AB ⊥ ←→

CV ∧←→
BC ⊥ ←→

AV ∧←→
AC ⊥ ←→

BV .
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A B C V
A

B C V
ABV

A B C V

K L M N
KL

MN KM LN KN LM
KLM KLN KMN LMN

N M L K

KLM KLN KMN LMN

K L M N
K L M N

K L M
KN ⊥ LM LN ⊥ KM MN ⊥ KL

N k l m

K L M N
KM LN

P KL ⊥ MN MN
p P

KL KPL
MPN M N

MN ‖ p
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KL MN KM LN KN LM
K L M N P Q R

KLM KLN KMN
LMN A B C V

K L M N
KLM KLN KMN LMN P Q
R

AP BQ CR
ABC PQR

PQR ABC
PQR

PQR
P Q R

P Q R
P Q R

A B C V
ABC ABV ACV
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BCV

ABQ ABP
P Q P Q

AB

P Q R

AB AC

AQ ABQ
APQ

ABQ | ABQ| = | APQ| = 90◦ − α.
AC

AR
RCA RPA ARC

| RCA| = | RPA| = 90◦ − α.
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| APQ| = | RPA|.
| PQB| = | BQR| | QRC| = | CRP |.

AP BQ CR
ABC

PQR

PQR V
P Q R

A B C
ABC ABV BCV

ACV

A B C
PQR

PV QV RV
P Q R

PQR A
PQ RQ

PR RQ PV
B C

V
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PQR PQ PR RQ
A B C
PQ PR RQ

PQR

AB ABC
AB

AC BC ABC

PQR
PQR

A B C V
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a3 + b3 + c3 − 3abc =
= (a+b+c)(a2+b2+c2−ab−ac−bc)

a2 + 2ab+ b2 = (a+ b)2,

a2 − 2ab+ b2 = (a− b)2,

a2 − b2 = (a+ b)(a− b).

a3 + b3 = (a+ b)(a2 − ab+ b2)

a7 − 7a6b+ 21a5b2 − 35a4b3 + 35a3b4 − 21a2b5 + 7ab6 − b7 = (a− b)7.

c

a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).
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(a + b + c)(a2 + b2 + c2 − ab − ac − bc)
a3 + b3 + c3 − 3abc

a3 + b3 + c3 − 3abc

a3 + b3 + c3 − 3abc = (a+ b)3 + c3 − 3abc− 3a2b− 3ab2 =

= (a+ b+ c)[(a+ b)2 − (a+ b)c+ c2]− 3ab(a+ b+ c) =

= (a+ b+ c)(a2 + 2ab+ b2 − ac− bc+ c2 − 3ab) =

= (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

(a2 + b2 + c2 − ab − ac − bc)

(a2+b2+c2−ab−ac−bc)
R

a3 + b3 + c3 − 3abc

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

589 437 −1 026

−792 255 654
a b c

a3 + b3 + c3 = 3abc a b c
a + b + c = 0
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(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)
a3 + b3 + c3 − 3abc

a3+b3+c3−3abc = (a+b+c)(a2+b2+c2−ab−ac−bc)

Cn,n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 . . . cn−1 cn

cn c1 c2 . . . cn−2 cn−1

cn−1 cn c1 . . . cn−3 cn−2

c3 c4 c5 . . . c1 c2

c2 c3 c4 . . . cn c1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= Circ(c1, c2, c3, . . . , cn−1, cn).

A
A

{1, 2, . . . , n}

|An,n| =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
a21 a22 · · · a2n

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
=

∑
π

sgn(π)a1,π(1)a2,π(2)...an,π(n).
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sgn(π)
π sgn(π) = 1

sgn(π) = −1 π
(i, j) i, j ∈ {1, 2, . . . , n} i < j π(i) > π(j)

1 × 1
a

∣∣∣∣∣a b

b a

∣∣∣∣∣ = a2 − b2 = (a+ b)(a− b).

a3 + b3 + c3 − 3abc∣∣∣∣∣∣∣∣
a b c

c a b

b c a

∣∣∣∣∣∣∣∣ = a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

a3 + b3 + c3 − 3abc

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

B A
|A| = −|B|

B A
c c|A| = |B|

B A

A B
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∣∣∣∣∣∣∣∣
a b c

c a b

b c a

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a+ b+ c b c

c+ a+ b a b

b+ c+ a c a

∣∣∣∣∣∣∣∣ = (a+ b+ c)

∣∣∣∣∣∣∣∣
1 b c

1 a b

1 c a

∣∣∣∣∣∣∣∣ =
= (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

a4 − b4 + c4 − d4 − 2a2c2 + 2b2d2 − 4a2bd+ 4ab2c− 4bc2d+ 4acd2,

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

det(Circ(a, b, c, d)) =

∣∣∣∣∣∣∣∣∣∣

a b c d

d a b c

c d a b

b c d a

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣

a+ b+ c+ d b c d

d+ a+ b+ c a b c

c+ d+ a+ b d a b

b+ c+ d+ a c d a

∣∣∣∣∣∣∣∣∣∣
.
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(a+b+c+d)

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

1 b c d

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

1− 1 + 1− 1 b− a+ d− c c− b+ a− d d− c+ b− a

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.

−1

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

0 −(a− b+ c− d) (a− b+ c− d) −(a− b+ c− d)

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
,

0(a − b + c − d)

= (a+ b+ c+ d)(a− b+ c− d)

∣∣∣∣∣∣∣∣∣∣

0 −1 1 −1

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.

19



MATEMATIKA

n
n − 1

∣∣∣∣∣∣∣∣∣∣

0 −1 1 −1

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

1 a a+ b b+ c

1 d d+ a a+ b

1 c c+ d d+ a

∣∣∣∣∣∣∣∣∣∣
.

(−1)(−1)1+2

∣∣∣∣∣∣∣∣
1 a+ b b+ c

1 d+ a a+ b

1 c+ d d+ a

∣∣∣∣∣∣∣∣ .
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3×3
a2 + b2 + c2 + d2 − 2ac− 2bd

det(Circ(a, b, c, d)) =

= a4 − b4 + c4 − d4 − 2a2c2 + 2b2d2 − 4a2bd+ 4ab2c− 4bc2d+ 4acd2 =

= (a+ b+ c+ d)(a− b+ c− d)(a2 + b2 + c2 + d2 − 2ac− 2bd).

c

det(Circ(a, b, 0)) = a3 + b3 = (a+ b)(a2 + b2 − ab).

det(Circ(a, 0, c, 0)) =

∣∣∣∣∣∣∣∣∣∣

a 0 c 0

0 a 0 c

c 0 a 0

0 c 0 a

∣∣∣∣∣∣∣∣∣∣
= [(a+ c)(a− c)]2 = (det(Circ(a, c)))2.

det(Circ(a, 0, 0, d, 0, 0)) = [(a+ d)(a− d)]3 = (det(Circ(a, d)))3.

det(Circ(a, 0, c, 0, e, 0)) =

= [(a+ c+ e)(a2 + c2 + e2 − ac− ae− ce)]2 = (det(Circ(a, c, e)))2.
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Am,n ⊗Bk,l =

⎛
⎜⎜⎜⎜⎜⎝

a11 a12 · · · a1n

a21 a22 · · · a2n

am1 am2 · · · amn

⎞
⎟⎟⎟⎟⎟⎠⊗

⎛
⎜⎜⎜⎜⎜⎝
b11 b12 · · · b1l
b21 b22 · · · b2l

bk1 bk2 · · · bkl

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

a11Bk,l a12Bk,l · · · a1nBk,l

a21Bk,l a22Bk,l · · · a2nBk,l

am1Bk,l am2Bk,l · · · amnBk,l

⎞
⎟⎟⎟⎟⎟⎠ .

Am,m Bn,n∣∣∣Am,m ⊗Bn,n

∣∣∣ = ∣∣∣(Am,m)
∣∣∣n ∣∣∣(Bn,n)

∣∣∣m .

Circ(c1, c2, c3, . . . , cn−1, cn)
k

det(Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . ,

. . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn))

k + 1

(det(Circ(c1, c2, c3, . . . , cn−1, cn)))
k+1.
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Circ(a, 0, b, 0) =

⎛
⎜⎜⎜⎜⎝
a 0 b 0

0 a 0 b

b 0 a 0

0 b 0 a

⎞
⎟⎟⎟⎟⎠ .

2 × 2

(
a b

b a

)
⊗
(
1 0

0 1

)
=

⎛
⎜⎜⎜⎜⎝
a

(
1 0

0 1

)
b

(
1 0

0 1

)

b

(
1 0

0 1

)
a

(
1 0

0 1

)
⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
a 0 b 0

0 a 0 b

b 0 a 0

0 b 0 a

⎞
⎟⎟⎟⎟⎠ .

Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn)

Circ(c1, c2, . . . , cn−1, cn)

k + 1 ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 · · · cn−1 cn

cn c1 c2 · · · cn−2 cn−1

cn−1 cn c1 · · · cn−3 cn−2

c3 c4 c5 · · · c1 c2

c2 c3 c4 · · · cn c1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⊗

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

0 0 0 · · · 1 0

0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
Ik+1

.

I
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det(Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . ,

. . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn)) =

= det((Circ(c1, c2, c3, . . . , cn−1, cn))⊗ Ik+1)

= det(Circ(c1, c2, c3, . . . , cn−1, cn))
k+1(det(Ik+1))

n

= det(Circ(c1, c2, c3, . . . , cn−1, cn))
k+1.
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100 000
100 000×1,04 = 104 000

104 000× 1,04 = 108 160
q q = 1,04

n a0

an = a0 q
n

a0 s
q a0

q s

a1 = a0q − s.

a2 = a1q − s = (a0q − s)q − s = a0q
2 − sq − s.
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a3 = a2q − s = (a0q
2 − sq − s)q − s = a0q

3 − sq2 − sq − s.

n

an = a0q
n − s(1 + q + · · ·+ qn−1).

r = 1 + q + · · ·+ qn−1.

r =

n−1∑
i=0

qi.

q = 1 r = n q = 1 q

rq = q + q2 + · · ·+ qn,

r

rq − r = qn − 1

(q − 1)

r =
n−1∑
i=0

qi =
qn − 1

q − 1
.

n

an = a0q
n − s

qn − 1

q − 1
.

s n

an = 0,
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a0q
n − s

qn − 1

q − 1
= 0.

a0
s n q

s = a0
q − 1

1− q−n
.

a0 = 100 000
n = 60

q = 1,04
1
12

.
= 1,003 27

s
.
= 1838 .

ns = 110 306 .

s
.
= 473,

ns = 170 389,

a0 = 100 000, a360 = 0
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(n → ∞)
a0(q − 1)

50 100 150 200 250 300 350

20 000

40 000

60 000

80 000

100 000
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108

an+1 = q an,

an = a0 q
n.

da

dt
= ka,

a(t) = a(0)ekt.

q > 1 k > 0
0 < q < 1 k < 0

a(t)
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n r

n
n

a1 a2 an k1 a1 k2 a2 kn
an P ′(k1, k2, . . . , kn) k1 = k2 = . . . = kn = 1

P ′(k1, k2, . . . , kn) n

P ′(k1, k2, . . . , kn) =
(k1 + k2 + · · ·+ kn)!

k1! k2! . . . kn!
.

P ′(2, 3, 2, 1, 1, 1)

P ′(2, 2, 1, 1, 1, 1)

30
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P ′(2, 3, 2, 1, 1, 1)− P ′(2, 2, 1, 1, 1, 1) =

=
(2 + 3 + 2 + 1 + 1 + 1)!

2! 3! 2! 1! 1! 1!
− (2 + 2 + 1 + 1 + 1 + 1)!

2! 2! 1! 1! 1! 1!
=

=
10!

2! 3! 2!
− 8!

2! 2!
=

7 · 8!
2

.

.

P ′(9, 4) = 13!
9! 4! .
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P ′(4, 4) = 8!
4! 4! .

n

P ′(n, r − 1) =
(n+ r − 1)!

n! (r − 1)!
;

P ′(n− r, r − 1) =
(n− 1)!

(n− r)! (r − 1)!
.

P ′(20, 6) = 26!
20! 6!

P ′(15, 6) = 21!
15! 6!

P ′(15, 6)

P ′(20, 6) · P ′(15, 6)

P ′(6, 6) · P ′(8, 6)
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λ

Eλ

34
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λmax
.
= 475

Eλ

I

I ′

I ′ = I sinα I ′ = I cos θ,

α
θ

I

I = I∗
R2

R2 P,

I∗

I∗
.
= 1,36 · −2 R

R P

R2 /R2

±0,035
I0

P

· −2

R P = I∗S = I∗�R2 =
= 1,36 · 103 · 3,14 · (6,38 · 106)2 .

= 2 · 1017

P
.
= 4 · 1026

35
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I∗

i
λ

i ≈ 1

λ4
,

O

36



FYZIKA

O
90◦

90◦

|OA1| = |OA2| = 2|OB1| = 2|OB2|,
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J

S = I ′ + J,

I ′

S(1−A),

A
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10−7 10−6

5 · 10−6

10−5 10−4

G = σT 4
g ,

G
Tg σ

G = εσT 4
g ,
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ε

ε

ε = 1

E

εE
ε

E∗ ε = 1
G

E

E∗ = G− E,

G
E
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15 ◦

−18 ◦

2
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2

4 2
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◦
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7 ◦
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1 : 2 : 3
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